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Abstract 
Recent developments from a cont inuing e f f o r t  
t o  provide a n  equiva len t  p l a t e  representa t ion  for 
aircraf t  s t r u c t u r a l  a n a l y s i s  are descr ibed.  
Previous work provided an equivalent  p l a t e  
a n a l y s i s  formulat ion tha t  is capable of modeling 
aircraft wing s t r u c t u r e s  with a genera l  planform 
such as cranked wing boxes. However, the  
modeling is restricted t o  Pepresenting wing boxes 
having symmetric c r o s s  s e c t i o n s .  Further 
developments, which a r e  descr ibed i n  t h i s  paper, 
a l low modeling of wing cross  s e c t i o n s  having 
asymmetries t h a t  can arise from a i r f o i l  camber or 
from th icknesses  being d i f f e r e n t  i n  t h e  upper and 
lower cover sk ins .  An implementation of thermal 
loadings,  which are described as temperature 
d i s t r i b u t i o n s  over the  planform of the cover 
s k i n s ,  has been included. Spring supports  have 
been added t o  provide Cor a more genera l  set of 
boundary condi t ions .  Numerical results a r e  
presented t o  a s s e s s  t h e  e f f e c t  of wing camber on 
t h e  s t a t i c  and dynamic response of an example 
wing s t r u c t u r e  under pressure and thermal 
loading.  These r e s u l t s  a r e  compared w i t h  results 
prom a f i n i t e  element a n a l y s i s  program t o  
i n d i c a t e  how well a cambered wing box can be 
represented  with an equiva len t  plate formulation. 
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Nomenclature 
a , b , c , e , f , g  =Planform dimensions ( s e e  Fig. 3) 
A i p B j  s C k  - C o e f f i c i e n t s  of polynomial 
displacement func t ions  for U. V ,  
and W components, r e s p e c t i v e l y  
h =Wing box depth 
K -S t i f fness  submatrix f o r  i , j  





t h  -Lamina s t i f f n e s s  matr ix  f o r  k 
=Components of lamina compliance 
-Thickness of cover sk in  layer  
=Temperature 
-Displacement func t ions  i n  t h e  x,y,z 
-Global streamwtse and spanwise 
-Polynomials i n  x and y for defining 
-Location of mid-camber s u r f a c e  
layer 
matr ix  (see eqn . (6) )  
d i r e c t i o n s ,  respec t ive ly  
coordinates ,  respectively 
displacement func t ions  
=Thermal c o e f f i c i e n t s  of expansion 
i n  x-y coordinates  
-Thermal c o e f f i c i e n t s  of expansion 
along o r t h o t r o p i c  m a t e r i a l  axes 
-Total s t r a i n s  t n  x-y coordinates  
a2 
Y P f X Y  
E 
, E ~ ' , E ~ ~ '  = S t r e s s  induced s t r a i n s  along 
o r t h o t r o p i c  m a t e r i a l  axes 
", c2*,  cl  2w =Temperature induced s t r a i n s  along 
6.n -Local nondimensional streamwise and 
n =Function used i n  sur face  f i t t i n g  
n = P o t e n t i a l  energy 
e - 0 r i e n t a t t o n  o f  o r t h o t r o p i c  mater ia l  
axes ( s e e  Fig. l b )  
0 =Parameter t o  def ine  magnitude of 
wing camber 
o r t h o t r o p i c  m a t e r i a l  axes 
spanwise coordinates ,  respec t ive ly  
procedure (see eqn. ( 15)  
-S t resses  i n  x-y coordinates  Ox oy*oxy 
In t roduct ion  
Simplif ied beam or p l a t e  models of a i r c r a f t  
wing s t r u c t u r e s  are o f t e n  used for a n a l y s i s  
during e a r l y  prel iminary design. ' For example, 
an equiva len t  p l a t e  model or t h e  wing s t r u c t u r e  
is used i n  t h e  TSO (Aeroe las t ic  Ta i lor ing  and 
S t r u c t u r a l  Optimization) computer program. ' e 3  
T h i s  program has had wtdespread use f o r  
a e r o e l a s t i c  t a t l o r i n g  of composite wings. 
However, t h e  s t r u c t u r a l  a n a l y s i s  formulation used 
i n  TSO t s  l i m i t e d  to  t rapezoida l  planforms. 
formulatton has been developed w i t h  t h e  
c a p a b i l i t y  t o  model a i r c r a f t  composite wing 
s t r u c t u r e s  w i t h  genera l  planform geometry such a s  
cranked wing boxes. T h i s  formulation conta tns  
only bending terms i n  t h e  expresston of the  
equivalent  p l a t e  energy. Therefore ,  t h e  modeling 
is r e s t r i c t e d  t o  represent ing  wing boxes having 
c r o s s  s e c t i o n s  t h a t  a r e  symmetric about a 
midplane. Also, a l l  appl ied  loads ,  such as 
aerodynamic pressures ,  must  a c t  normal t o  t h i s  
midplane. 
The present  paper descr ibes  a f u r t h e r  
genera l iza t ion  of t h e  equiva len t  p l a t e  
representa t ion .  Th i s  extension al lows modeling 
of unsymmetric wing cross  s e c t i o n s  which can 
arise from a i r f o i l  camber or from having 
d i f f e r e n t  th icknesses  tn the upper and lower 
cover sk ins .  T h i s  c a p a b i l t t y  is included i n  t h e  
formulation by adding s t r e t c h i n g  terms t o  the 
deformation of t h e  re ference  surface which does 
not have t o  be loca ted  a t  t h e  midplane of the  
wing. The a d d i t i o n  of s t r e t c h i n g  deformations i n  
the  re ference  s u r f a c e  provides fully-coupled 
bending-stretching behavior of a composite p l a t e  
t o  be represented.  
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Recently, a new e q u i v i l e n t  p l a t e  ana lys t s  
1 
Inplane loads  can also be appl ied  i n  t h i s  
general ized formulation. An implementation of 
thermal loadings,  which a r e  descr ibed as 
temperature d i s t r i b u t i o n s  over the  planform of 
the  cover s k i n s ,  h a s  been included. Spring 
supports  have been added t o  provide for a more 
genera l  set of boundary condi t ions.  
a n a l y t i c a l  formulation along wi th  an example t o  
demonstrate the addi t iona l  f e a t u r e s .  Resul ts  
w i l l  be presented t o  assess  t h e  e f f e c t  of wing 
camber on the s t a t i c  and dynamic response of an 
example wing s t r u c t u r e  under pressure and thermal 
loading.  These r e s u l t s  w i l l  be  compared with 
corresponding results from a f i n i t e  element 
a n a l y s i s  program t o  ind ica te  how well  a cambered 
wing box can be represented w i t h  a f l a t  p l a t e  
formulat ion. 
is familiar w i t h  reference 5 which conta ins  a 
d e s c r i p t i o n  of t h e  basic  method. The material 
contained i n  t h e  present  paper w i l l  focus on 
providing a descr ip t ion  of extensions t o  t h e  
previous work and w i l l  r epea t  only a minimal 
amount of information contained i n  re ference  5. 
The paper w i l l  include a d e s c r i p t i o n  of the  
I t  is assumed tha t  the  reader  of t h i s  paper 
Analytical Modeling 
The wing box s t r u c t u r e  is represented a s  an 
equiva len t  plate i n  t h i s  formulation. Planform 
geometry of t h i s  equivalent  p l a t e  is defined by 
m u l t i p l e  t rapezoida l  segments as t l l u s t r a t e d  by 
the  two-segment box i n  Figure l a .  The g loba l  
Car tes ian  coordinate  system has t h e  x-axis i n  t h e  
streamwise d i r e c t i o n  and the  y-axis i n  t h e  
spanwtse d i r e c t i o n .  A s e p a r a t e  l o c a l  coordinate  
system is assoc ia ted  v t t h  each segment. These 
l o c a l  coordinates  a r e  nondlmenstonalized such 
t h a t  6 r e f e r s  t o  a f r a c t i o n  o f  t h e  loca l  chord 
and II refers t o  a f r a c t i o n  of t h e  span fo r  a 
given segment a s  indicated in  Figure l b .  The 
s u b s c r i p t s  on t h e  6 and q coord ina tes ,  shown i n  
Figure 1 t o  r e f e r  t o  a p a r t i c u l a r  segment, a r e  
omitted i n  t h e  remainder of t h t s  paper s t n c e  t h e  
development of the  ana lys i s  method is descr ibed 
f o r  a t y p i c a l  segment. The o r t h o t r o p t c  material 
axes ,  denoted 1 and 2 ,  a r e  a l s o  shown i n  Figure 
l b  f o r  a t y p i c a l  layer  i n  the  cover sk in .  
The cross-sect ional  view of  a t y p i c a l  
segment i n  Ftgure 2 i l l u s t r a t e s  t h e  a n a l y t i c a l  
modeling of the  wing box s t r u c t u r e .  The loca t ion  
of t h e  mid-camber sur face  of t h e  wing is defined 
as t h e  d i s t a n c e ,  zc ,  From a user s p e c i f i e d  
re ference  plane. T h i s  d i s tance  v a r i e s  over t h e  
planform of each segment and ts expressed a s  a 
polynomial in  t h e  global coordinates  x and y.  
( 1 )  
m n  
+zmx Y z c ( x , y )  = zoo+z10x+z20x +z0 ,y+. . .  
2 
The c o e f f i c i e n t s  zm are  cons tan ts  which a r e  
def ined by t h e  ana lys t  Cor each segment. 
S imi la r ly ,  t h e  depth of t h e  s t r u c t u r a l  box, which 
a l s o  v a r i e s  over t h e  planform, is defined by the 
a n a l y s t  again i n  polynomial form. 
2 m n  h ( x , y )  - h00+h,0x+h20x + h O l y + . . . + h m x  y ( 2 )  
The cover s k i n s  consis t  o f  or thot ropic  l a y e r s  
w i t h  t h e  th ickness  Of each l a y e r  being def ined 
independently a l s o  i n  polynomial form 
t k ( X . Y )  = t 0 0 + t , 0 x + t 2 0 x  2 + t o l y + . . . + t m x  m n  y ( 3 )  
The p r o p e r t i e s  of t h e  layers can be  def ined t o  
represent  wing s k i n s  which a r e  s t i f f e n e d  panels  
or composite laminates .  Or ien ta t ion  of the  
s t t f f n e s s  p r o p e r t i e s  and corresponding th ickness ,  
are s p e c i f i e d  f o r  each layer  and the o r i e n t a t i o n s  
and th icknesses  can b e  d i f f e r e n t  i n  d i f f e r e n t  
planform segments. In  t h e  present  
implementation, t h e  th ickness  of a l a y e r  i n  the 
lower s k i n  ts s p e c i f i e d  a s  a f a c t o r  times Lhe 
th ickness  of t h e  corresponding layer  i n  t h e  upper 
sk in .  This s i m p l i f i c a t i o n  is implemented t o  
reduce t h e  number o f  var iab les  which must  be 
considered i n  a design appl ica t ion  of t h i s  
procedure. The exponents of t h e  polynomial 
terms, q and n ,  are not necessar i ly  the same f o r  
equat ions ( 1 1 ,  (21, and (3). These exponents a r e  
s p e c i f i e d  by t h e  a n a l y s t  and values  of t h e  4 t h  
power have been found s u f f i c i e n t  f o r  represent ing  
a f a i r l y  general  c l a s s  of wing box geometry. 
N e w  opt ions have been added for  modeling t h e  
volume between the  covers. This volume can be 
( a )  considered empty t o  represent  a dry  wing, ( b )  
used t o  represent  f u e l  by ass igning  a f u e l  
d e n s i t y ,  or ( c )  s p e c i f i e d  as s o l i d  s t r u c t u r e  by 
g iv ing  mater ia l  s t i f f n e s s  p r o p e r t i e s .  Option 
( c ) ,  is provided t o  analyze wind tunnel  models 
for  condi t ions  where a e r o e l a s t i c  e f f e c t s  may be 
important. Although not shown i n  Figure 2,  r i b  
and spar  caps can be represented a s  a x i a l  members 
and concentrated masses can be def ined f o r  
v ibra t ion  a n a l y s i s  a s  described i n  r e f e r e n c e  5. 
Thermal loading Is tncluded fo r  s t a t i c  
a n a l y s i s  along w i t h  concentrated f o r c e s  and 
d i s t r i b u t e d  pressure loads.  Thermal loads a r e  
s p e c i f i e d  a s  temperature d i s t r i b u t i o n s  over the  
planform of t h e  cover sktns. The temperature ts 
assumed constant  through the thtcknesses  of a l l  
l a y e r s  making up  the  s k i n .  In t h e  present  
procedure, mater ia l  p r o p e r t i e s  i n  t h e  s k i n s  a r e  
not considered t o  be a funct lon of temperature. 
Energy Expression f o r  P la tes  
An expression For t h e  s t r a i n  energy of a 
p l a t e  segment Is needed f o r  t h e  R i t z  s o l u t t o n  
procedure t h a t  I s  used. T h i s  expression ts 
developed in  terms o f  bending and s t r e t c h i n g  o f  
the  re ference  plane shown i n  Figure 2 .  The 
Kirchhoff assumption is made t h a t  l i n e s  normal t o  
t h e  re ference  plane remain s t r a i g h t  and normal 
under deformattons of t h e  equiva len t  plate.  T h i s  
condl t ion  is analogous t o  t h e  assumption t h a t  
Cross s e c t t o n s  of a beam remain plane and normal 
t o  t h e  c e n t r o i d a l  a x i s  i n  beam theory. The 
deformations tn t h e  equiva len t  p l a t e  a r e  given as 
u - uo - z w’x  
v - vo - z w , y  
w - w  
where Uo and Vo r e f e r  t o  s t r e t c h i n g  or  t h e  
( 4 )  
2 
r e f e r e n c e  s u r f a c e  i n  t h e  x and y d i r e c t i o n s  a t  
z-0, and W is a deformation normal t o  the  surface 
caused by bending. Corresponding s t r a i n s  i n  the 
x and y d i r e c t i o n s  are given by 
E X  = uo'x + o  - z w'xx 
+ O ' Y  - w 9 Y Y  
+ vo,x - 2 z w, 
(5) E = o  
E = u  
Y 
X Y  XY O ' Y  
In order  t o  include thermal loading,  the 
t o t a l  s t r a i n ,  E, is separa ted  i n t o  t he  sum of 
s t ress- induced components, E ' ,  and temperature- 
induced components, et' a s  i n  re ference  6. These 
s t r a i n s  can be expressed f o r  each l a y e r  i n  the  
cover s k i n s  i n  terms of o r t h o t r o p i c  mater ia l  
p r o p e r t i e s  a long t h e  axes 1 and 2 as 
where t h e  first and second s e t  of terms t n  t h e  
summation a r e  E '  and E" respec t ive ly .  The 
stresses and s t ress- induced s t r a i n s  i n  each 
lamina a r e  transformed t o  t h e  g loba l  ( x , y )  
coord ina te  sys tem and used i n  the  expression f o r  
s t r a i n  energy as 
n = 112 Ivol(ox"x '  + 0 E ' + 0 xy"xy')  dV (7) 
T h i s  energy expression can be w r i t t e n  i n  terms of 
t o t a l  s t r a i n s  a s  the  sum o f  two p a r t s  n = 
+ 
n2 '  
where I E I T  = I E 1 a r e  t o t a l  s t r a i n s ,  
X Y  
Y X Y  
T I a I - I ax a a 1 a r e  t teffect iverf  
thermal c o e f f i c i e n t s  a s  d i s c u s s e d  i n  reference 7, 
and [ Q 3 is a lamina s t i f f n e s s  matrix. 
p l a t e  and equat ion (8b)  is t h e  p o t e n t i a l  energy 
of t h e  thermal loading.  When t h e  s t r a i n  energy 
of t h e  p l a t e  from equat ion (8a)  t s  expanded in 
terms of t h e  re ference  sur face  displacements i n  
equat ion (51, a t o t a l  of 29 terms result a s  given 
i n  re ference  8. Note that  f o r  bending alone 
t h e r e  are only 6 terms i n  t h e  energy expresston 
as given i n  re ference  5. Therefore, t h e  addi t ion 
of t h e  s t r e t c h i n g  deformations t o  handle cambered 
wing boxes r e q u i r e s  considerable  a d d i t i o n a l  
computation. 
k 
1 Equation ( 8 a )  g i v e s  the  s t r a i n  energy of t h e  
Analysis Procedure 
The R i t z  method is used  to obta in  an 
approximately s t a t i o n a r y  s o l u t i o n  t o  t h e  
v a r i a t i o n a l  condi t ion on t h e  energy of t h e  
s t r u c t u r e  and appl ied loads.  In t h i s  appl ica t ion  
of t h e  R i t z  approach, each component of t h e  
deformation of the  re ference  s u r f a c e  is assumed 
t o  b e  t h e  sum or cont r ibu t ions  from sets of 
s p e c i f i e d  displacement func t ions  
( 9 )  
As i n  re ference  5 ,  these displacement runct ions 
a r e  s p e c i f i e d  as products of terms from a power 
series i n  t h e  x-d i rec t ion  w i t h  terms from a power 
series i n  t h e  y-direct ion.  Di f fe ren t  rets of 
func t ions  can be used for  the U, V ,  and W 
components of t h e  deformation. 
described i n  re ference  5 produces a system of 
simultaneous equat ions which can be solved for 
t h e  unknown c o e f f i c i e n t s  i n  equat ion ( 9 )  t o  
minimize t h e  t o t a l  energy expression.  These 
equat ions can be w r i t t e n  i n  p a r t i t i o n e d  matrix 
form as 
For s t a t i c  a n a l y s i s ,  t h e  R i t z  procedure as 
( 1 0 )  
These equat ions represent  t h e  fully-coupled 
bending-stretching behavior of a composite plate.  
The evaluat ion of t h e  terms i n  t h e  
submatrices of t h e  s t i f f n e s s  matr ix  of equat ion 
( 1 0 )  requi res  t h e  i n t e g r a t i o n  of t h e  s t r a i n  
energy i n  equation (8a)  over t h e  volume of 
s t r u c t u r a l  mater ia l .  T h i s  i n t e g r a t i o n  involves  
func t ions  o f  the  camber shape, zc ,  the  wing 
depth,  h ,  and t h e  th ickness  of each cover sk in  
l a y e r ,  t k ,  along w i t h  t h e  corresponding lamina 
s t i f f n e s s  matr ix ,  Q . To s i m p l i f y  c a l c u l a t t o n s  
and make the  r e s u l t i n g  s t i f f n e s s  matrix a l i n e a r  
funct ion of layer  th ickness ,  a l l  l a y e r s  i n  a s k i n  
a r e  assumed t o  be loca ted  a t  the same d i s t a n c e  
from t h e  re ference  sur face .  During i n t e g r a t i o n  
the i r  thicknesses  a r e  simply summed t o  y i e l d  t h e  
appropr ia te  s t i f f n e s s  values. T h i s  
s i m p l i f i c a t i o n  is i n v a l i d  f o r  p l a t e s  w i t h  a small 
dis tance  between t h e  covers  b u t  results i n  only a 
small e r r o r  for t y p i c a l  wing s t r u c t u r e s  where the 
depth of t h e  wing is l a r g e  compared t o  t h e  
thickness  o f  t h e  covers. Exact i n t e g r a l  
expressions a r e  formed and evaluated a t  limits on 
the upper and lower covers fo r  the  mater ia l  
between t h e  covers. The expressions descr ib ing  
t h e  model shown i n  equat ions ( 1 ) - ( 3 )  must be 
combined w i t h  quadra t ic  func t ions  of t h e  s t r a i n s ,  
hence dtsplacement func t ions ,  a8 given i n  
equat ton (5) t o  complete t h e  expression fo r  
s t r a i n  energy or  t h e  p l a t e  a s  shown i n  equat ion 
(8a).  The formation and eva lua t ion  of t h e  terms 
k 
3 
in these integral expressions l a  algebraically 
cumbersome and involves tedious manipulations. 
However, the mathematical operations involved 
yield polynomials in x and y and the same library 
of subroutines which were developed in reference 
5 are used to perform all the mathematical 
operations on these polynomials in an efficient 
manner. 
Thermal Loads 
Thermal loading is included for static 
analysis along with concentrated forces and 
distributed pressure loads. Thermal loads are 
specified as temperature distributions over the 
planform of the cover skins. The temperature is 
assumed constant through the thicknesses of all 
layers in the skin. The thermal loads are 
calculated using equation (ab). The thermal 
coefficients which are needed for each layer are 
transformed to the global x-y coordinate system 
by 
2 2 
a - cos 8 a1 + sin 8 a2 
( 1 1 )  
2 2 
2 a - sin e a ,  + cos 8 a Y 
where 0 is the angle from the x-axis to the 1- 
axis of the orthotropic material. At present, 
the stiffness properties of the layers, 9, are 
not considered to be a functton oP temperature in 
the analysis procedure. 
IC the temperature distribution. bT(x,y), is 
input as a polynomial, the necessary integrations 
are perPormed using closed form expressions. 
OPten, the temperatures have been calculated in a 
separate program on a grid over the wing 
planform. In this case, numerical tntegration 
can be performed with the appropriate values of 
temperature, thermal and stifPness coefficients, 
strain, and planform area assoctated with each 
point in the grid being used. Thts integration 
must be performed for  each of the displacement 
Punctions which are used in the analysis as 
described in reference 5. This procedure is 
analogous to the procedure used for application 
of aerodynamic pressure loads in the equivalent 
plate formulation. 
The capability to constder both aerodynamic 
and thermal loading indicates a potential use of 
this procedure f o r  static aerothermoelasttc 
calculations for advanced vehicles where 
aerodynamic heattng is an lmportant design 
consideration. Such calculations would involve 
an iteratton on a combination of thermal loads, 
structural deformations, and aerodynamic loads to 
arrive at a set of loads whtch are consistent 
with the deflected shape of the loaded wing at 
some specifled Pltght condttton. 
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Definition of Constraints 
For static analysis, rigtd body motion oP 
the plate must be constrained. These constraints 
are often referred to as boundary conditions. In 
reference 5, the example equivalent plate wing 
model was clamped along the x-axis which 
represented an aircraPt centerline. This i s  
accomplished by excluding selected terms from the 
displacement functions as follows: 
the condition that the displacement, W i s  
Zero at y-0 can be specified by excluding 
all yo terms Prom the set of displacement 
functions 
the condition that the slope, W,y is zero 
at y-0 can be specified by excluding all 
y terms from the set of displacement 
functions 
clamped Conditions at y-0 is specilied by 
imposing both (a) and (b). 
1 
This method oP specifying constraints is limited 
to the x and y axes. Other methods of applying 
constraints which are available in the 
li teraturel 
provide for  specification of more general types 
OP boundary conditions. The Lagrange multiplier 
method allows exact specification of constraints 
but at the expense of introductng additional 
equations with zeros on the diagonal. The method 
selected for  use is an adaptation of the penalty 
function method discussed in reference 10. This 
method will satisfy the constraints only 
approximately. A penalty number t a  used and the 
larger the penalty number the better the 
constraints will be achieved. For the purposes 
of constraining the equivalent plate, thts 
penalty number is taken to be the stiffness of a 
spring at the locatton of the desired constraint. 
Such springs can resist translation or  rotation 
and are defined at a point or  distributed along a 
specified line. Although displacements cannot be 
specified to be exactly zero at a selected 
location, use of sufficiently stiff springs will 
provide a good approximation to the destred 
condition. 
displacement functions and application o f  stiff 
springs is used to define the constraints on the 
example wing which will be discussed In a later 
sectlon OP this paper. The tnput data used to 
define the displacement functtons for the 
analysis are 
were evaluated as candidates to 
A combinatton of excluding terms from the 
NY Y powers DIR E X powers a 0 1 2 3 4 5  -1 5 0 1 2 3 4  
2 
3 
5 0 1 2 3 1 1  5 1 2 3 1 1 5  
5 0 1 2 3 4  6 0 2 3 1 1 5 6  
The directions 1 , 2 , 3  refer to the U,V,W 
deformations and NX,  NY indicate the number o f  
terms to be used tn the x and y directions 
respectively. The displacement function in each 
direction is composed of a polynomial containing 
the sum oP terms from all combtnattons of the x- 
powers and y-powers which are given. Constraints 
for the example are imposed by omitting yo for 
the U-deformation to provide a deflection 
Constraint at y-0 and by omitting y1 for the W- 
dePormation to constrain the slope at y-0. 
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In  a d d i t i o n  t o  t h e  more genera l  capabi l i ty  
for spec i fy ing  c o n s t r a i n t s ,  an eigenproblem s h i f t  
parameter" has been included f o r  use i n  
v i b r a t i o n  a n a l y s i s .  
a v i b r a t i o n ' a n a l y s i s  t o  be performed on a model 
w i t h  unconstrained ( r i g i d  body) motions. 
This s h i f t  parameter allows 
Implementatton of Method 
This equiva len t  p l a t e  a n a l y s i s  procedure is 
being developed f o r  use with mathematical 
op t imiza t ion  procedures f o r  a p p l i c a t i o n  i n  early 
prel iminary design. Therefore, an important 
facet of the  development is t h e  implementation 
i n t o  a computationally e f f i c i e n t  computer 
program. Although a d e t a i l e d  descr ip t ion  of t h e  
computer program is beyond the scope of t h i s  
paper, some of t h e  s i g n i f i c a n t  approaches used t o  
achieve the des i red  e f f i c i e n c y  are o u t l i n e d  in 
t h i s  sec t ion .  
Generation of S t i f f n e s s  Matrix 
The terms assoc ia ted  w i t h  c a l c u l a t i n g  
c o e f i i c i e n t s  of a s t i f f n e s s  matrix f o r  an 
a n i s o t r o p i c  p l a t e  segment a r e  a l g e b r a i c a l l y  
cumbersome and ted ious  t o  manipulate. The 
genera l  procedure for c a l c u l a t i n g  these terms f o r  
only the bending deformation, W ,  is described i n  
re ference  5. To inc lude  t h e  s t r e t c h i n g  
deformations U and V ,  t h e  s i z e  o f  t h e  s t i f f n e s s  
matr ix  is increased a s  ind ica ted  i n  equat ton 
(10) .  The procedure involves  eva lua t ion  of the 
i n t e g r a l  shown i n  equat ion ( 8 a ) .  The s t r a i n s  
needed f o r  t h i s  eva lua t ion  can be w r i t t e n  as the 
sum of components from t h e  U, V, and W 
deformations a s  shown i n  equat ion (IO. Each 
submat r ix  i n  equat ion (10 )  is formed by using the  
a p p r o p r i a t e  combination of t h e  components i n  the 
var ious  directions. 
t h e  corresponding procedures used f o r  Kw i n  
r e f e r e n c e  5. These c a l c u l a t i o n s  can then be 
performed by looping through t h i s  common set of 
genera l ized  procedures wtth the  o r i g i n  of each 
submatrix and the d e f i n i t i o n  of t h e  s t r a i n  
components being changed a t  the  beginning of each 
loop t o  correspond t o  t h e  des i red  combtnation of 
t h e  U, V ,  and W d i r e c t i o n s .  The s t r a i n  
Components a r e  def ined i n  a t a b l e  containing t h e  
d i r e c t i o n ,  the  c o e f f t c i e n t s ,  and an ind ica tor  t o  
speci'y t h e  proper d e r i v a t i v e  operat ton.  
The procedure is tmplemented by general iz ing 
I n t e g r a l  Tables 
The eva lua t tons  o u t l i n e d  above a r e  performed 
f o r  a l l  combinations of terms which a r e  specipied 
i n  t h e  displacement func t ions  for  each d i rec t ion  
i n  order  t o  complete a submatrix. A l l  these 
eva lua t ions  involve generat ion and in tegra t ion  of 
lengthy polynomial expressions.  Since these 
express ions  a r e  a l l  sums of terms containing a 
c o e f f i c i e n t  mul t ip l ied  by xmyn, tables a r e  
generated w i t h  each e n t r y  containing t h e  i n t e g r a l  
of such  terms over t h e  planform of the  segment 
being evaluated f o r  a l l  combinattons of m and n 
t h a t  are required.  E n t r i e s  i n  t h e  t a b l e  are 
eva lua ted  by i n t e g r a t i n g  over t h e  u n i t  square f o r  
each p l a t e  segment a f te r  expressing t h e  terms in  
t h e  l o c a l  coordinate  system. The coordinate  
t ransformat ions  are given i n  terms of t h e  
planform v a r i a b l e s  shown i n  Figure 3 as 
x = e + ac + ( f - e l n  + (c-a)cn (12) 
y - g + b n  (13)  
The coord ina tes  of t h e  d i f f e r e n t i a l  area are 
transformed by the  determinant of t he  Jacobian as 
dxdy = [ ab + (c-a)bn 1 dcdn ( 1 4 )  
The d i s t a n c e  from t h e  re ference  surface t o  
either t h e  upper or lower cover s k i n  is indica ted  
by the  symbol z in  t h e  expression for t h e  W 
component of s t r a i n  i n  equation (5 ) .  This 
d t s t a n c e  can b e  expressed i n  polynomial form i n  
terms of t h e  mid-camber and wing depth 
d e f i n i t i o n s  given i n  equat ions ( 1 )  and ( 2 ) .  The 
maximum power of z is 2 for the  pure bending, Kwu 
submat r ix  f o r  cover s k i n s  and is 3 af ter  
i n t e g r a t i n g  through the wing depth f o r  s o l l d  
p l a t e s .  In the  implementation used here in ,  e i g h t  
i n t e g r a l  t a b l e s  are generated corresponding t o  
t h e  0, 1 ,  2 ,  and 3 powers of z f o r  t h e  upper and 
lower sur faces .  The tables conta in  eva lua t ton  of 
terms corresponding t o  zJ times xmyn which a r e  
used t o  generate  t h e  s t i f f n e s s  submatrices far  
appropr ia te  combinations of s t r a i n  components. 
Input of Analy t ica l  Model 
The d e f i n i t i o n s  of t h e  mid-camber s u r f a c e ,  
wing d e p t h ,  and thicknesses  of layers i n  the  
cover sk ins  a r e  given i n  terms o f  t h e  g loba l  
coord ina tes  i n  equat ions ( 1 ) - ( 3 ) .  Such a 
d e f i n i t i o n  results i n  a l l  subsequent polynomials 
t h a t  are generated betng t h e  sum of x y terms. 
Retaining t h i s  form al lows the  e f f i c i e n t  handling 
of t h e  i n t e g r a l  opera t tons  as descr ibed above. 
An input  opt ion is provided f o r  def in ing  t h e  
model d i r e c t l y  i n  t h e  x-y coordtnate  system. 
However, i t  is o f t e n  more conventent for the  user  
t o  input  these q u a n t i t i e s  in  t h e  l o c a l  6-0 
coordinate  system of each segment as was done i n  
re ference  5. T h i s  tnput opt ton has been tncluded 
i n  the  present  implementatlon b u t  a 
t ransformatton from t h e  S-n system t o  t h e  g loba l  
x-y system is necessary. A d i r e c t  t ransformatton 
using t h e  inverse  of equat ions ( 1 2 )  - ( 1 4 )  
r e s u l t s  i n  a complicated form r a t h e r  than t h e  
d e s t r e d  simple power s e r i e s  polynomials. 
Therefore ,  an approximate t ransformation t o  t h e  
power s e r i e s  polynomials is u s e d .  
Th i s  approximate method minimizes t h e  square 
of t h e  d i f f e r e n c e  between t h e  input  polynomial tn 
t h e  c-n system and a power s e r i e s  polynomial i n  
t h e  x-y system in tegra ted  over t h e  planform of 
t h e  segment'. 
w r i t t e n  as 
m n  
The funct ion t o  be minimized can be 
n =  lares( F-C )2dA 
'area ( 112 G2 - FC + 1/2  F 2 )  dA (15 )  
where F = f ( c , n )  which is input  
and G - g(Cmx y is t h e  desired polynomial. m n  
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Differen t ia t ing  equation (15)  w i t h  respect  t o  t h e  
unknown coef f ic ien ts ,  Cmn, y ie lds  a s e t  of 
simultaneous equations which can be generated and 
solved using t h e  same procedures a t  t h a t  for t h e  
poten t ia l  energy given i n  equation ( 8 ) .  This 
so lu t ion  is t h e  desired surface f i t  and t h e  
procedure can be used t o  obtain the c o e f f i c i e n t s  
f o r  equations (1)-(3)  t o  def ine an a n a l y t i c a l  
model. 
Analysis Time 
The time required t o  perform an ana lys i s  
includes t h e  time required for input preparation 
t o  def ine the  ana ly t ica l  model, the execution 
time of t h e  program, and time required for t h e  
analyst  t o  ass imilate  the  output data .  The 
spec i f ica t ion  of model c h a r a c t e r i s t i c s  a s  
continuous d i s t r i b u t i o n s  i n  polynomial form 
requires  only a small f r a c t i o n  of the volume of 
input data for  a corresponding f i n i t e  element 
s t r u c t u r a l  model where geometry and s t i f f n e s s  
proper t ies  a r e  specif ied a t  d i s c r e t e  locat ions.  
Equivalent p l a t e  models a r e  appl icable  for  cases  
where the s t i f f n e s s  can be represented a s  a 
continuous d is t r ibu t ion  within segments, 
therefore  l i m i t i n g  the complexity of modeling. 
The execution time ts  a funct ion of 
complexity and rerinement of the ana ly t ica l  
model. The number of degrees of freedom used i n  
an ana lys i s  t o  give adequate accuracy is problem 
dependent. Results a r e  presented in  t h i s  paper 
for  two d i f f e r e n t  s e t s  of displacement funct ions 
f o r  t h e  equivalent p la te  model and f o r  two 
d i f f e r e n t  element mesh refinements f o r  the f i n i t e  
element model. Computational ttmes and se lec ted  
r e s u l t s  a r e  compared t o  give an indicat ion of the 
accuracy and computattonal e f f ic tency  of these 
procedures f o r  d i f fe ren t  leve ls  of modeling. 
The number of degrees of freedom in an 
equivalent p l a t e  model is readi ly  changed by 
s i m p l y  changing the spec i f ica t ion  of terms in  t h e  
displacement functions ra ther  than re f in ing  the 
number of j o i n t s  and elements in  a f i n i t e  element 
model. The output quant i t ies  such as  
displacements, s t r a i n s ,  s t r e s s e s ,  and vibrat ion 
mode shapes a r e  calculated on a user spec i f ted  
gr id  over each plate  segment. Stnce the  
d e f i n i t i o n s  of these quant i t ies  a r e  given a s  
conttnuous polynomials, the gr id  can be a s  f i n e  
or a s  coarse a s  desired. Present ly ,  no graphical 
presentat ion of output data  has been implemented. 
Application and Results 
Model Descrtption 
The  planform of an example wtng box whtch is 
being used t o  evaluate the  e f f e c t s  of  including 
camber i n  the  formulation t s  shown i n  Figure 4 .  
A two segment planform, representat ive of a 
f i g h t e r  a i r c r a f t  wing, is used  f o r  t e s t i n g  
purposes. The planform I s  composed of a clipped 
d e l t a  outer  segment w i t h  a 45 degree leadtng edge 
sweep and an inner segment t o  represent  a carry 
through s t r u c t u r e .  A d e l t a  planform is se lec ted  
f o r  evaluat ton because cambering of the long 
chord length In the  tnboard portion of the  wing 
leads t o  s i g n i f i c a n t  changes tn the  z coordinate 
of t h e  wing surfaces .  Two loading conditions 
were used f o r  t e s t i n g .  The first is an 
ex terna l ly  appl ied loading of a uniform 1 p s i  
pressure ac t ing  Over t h e  planform of the  outer  
segment. The second is a thermal loading which 
is spec i f ied  a s  the  temperature of t h e  lower 
surface of the wing segment being 100 degrees F 
grea ter  than t h a t  Of t h e  upper surface.  Boundary 
conditions are imposed by: ( a )  by excluding 
se lec ted  terms from t h e  displacement funct ions as 
described i n  an e a r l i e r  s e c t i o n  t o  constrain the 
slope of t h e  bending def lec t ion ,  W, and the  
spanuise s t r e t c h i n g  def lec t ion  t o  zero a t  y-0 qnd.: 
( b )  using stiff spr ings  t o  constrain the  U and W 
def lec t ions  a t  support point  A and t h e  W 
def lec t ion  at  support point  B a s  shown i n  Figure 
4. 
mid-camber sur face  is used t o  evaluate  t h e  
e f f e c t s  of camber. T h i s  shape I s  spec i f ied  as a 
quadrat ic  funct ion of the chord length (parabol ic  
a r c )  w i t h  t h e  maximum dimenston, zc located 
a t  501 chord locat ion.  The amount of camber w i l l  
be defined a s  @; where 0 - zc / l o c a l  chord. 
Results a r e  presented for no camber (symmetric 
wing) and a camber of @-.03. The equivalent 
p l a t e  ana lys i s  for  the cambered wing is performed 
using two d i f f e r e n t  sets of displacement 
functions for  t h e  bending def lec t ion ,  W .  The 
first set, re fer red  t o  a s  t h e  4x6  ana lys t s ,  has  
t h e  exponents shown e a r l i e r  i n  the discusston of 
cons t ra in ts  w i t h  4 being the  l a r g e s t  exponent i n  
the x-direction and 6 being the l a r g e s t  exponent 
in  t h e  y-direction. In the second s e t  which is 
re fer red  t o  a s  the 5x5 ana lys i s ,  5 is the l a r g e s t  
exponent In both the  x- and y-direct ions.  
f o r  t h e  cambered wtng a r e  compared wtth 
corresponding r e s u l t s  from t h e  EAL f i n i t e  element 
ana lys i s  program.” The EAL model is b u i l t  u p  of 
membrane r i b ,  s p a r ,  and cover elements w i t h  the 
gr id  of cover elements shown in Figure 4 .  
Analyses a r e  performed for two l e v e l s  of 
modeling. One model has a gr id  of cover elements 
w i t h  twice the  refinement a s  t h e  other  model i n  
both t h e  x and y d i rec t ions  and has addi t iona l  
r t b  and spar elements corresponding t o  the edges 
of each cover element. The models w i l l  be 
re fer red  t o  a s  the  435 degree of freedom (d.o.f.1 
model and the  1565 degree of freedom model a s  
indicated i n  Figure 4 .  
Numerical Resul ts  
A simple expression f o r  t h e  shape of t h e  
max’ 
max 
Results from t h e  equivalent p l a t e  ana lys i s  
An indicat ion of t h e  r e l a t t v e  l e v e l  of 
accuracy of r e s u l t s  and corresponding 
computational time f o r  the  d i f f e r e n t  models used 
t o  analyze the cambered wing box s t r u c t u r e  a r e  
presented i n  Table 1 .  A measure of t h e  overa l l  
accuracy is given by the t o t a l  s t r a i n  energy of 
the deformed s t r u c t u r e  for  the  pressure and 
t h e r m a l  load cases. Increased accuracy is 
tndtcated by an increasing value of s t r a t n  
energy, so t h a t  the 1565 degree of freedom f i n i t e  
element model t s  shown to provtde the  best 
o v e r a l l  r e s u l t s  in  t h i s  s t u d y .  The corresponding 
increase in computattonal time required t o  
provide t h e  improved accuracy is a l s o  shown i n  
Table 1 .  The equivalent p l a t e  analyses required 
l e s s  computational time than the f i n i t e  element 






d i f f e r e n c e  is very  dependent on t h e  l e v e l  of 
modeling used. 
stresses a t  s e l e c t e d  l o c a t i o n s  on t h e  wing along 
with v i b r a t i o n  frequencies  are presented i n  the  
remainder of t h i s  s e c t i o n  t o  provide a d e t a i l e d  
comparison of results. 
S ta t ic  displacements fo r  t h e  uniform 
pressure  load are presented along the t r a i l i n g  
edge of  the  wing i n  Figure 5. These r e s u l t s  
i n d i c a t e  tha t  camber reduces t h e  d e f l e c t i o n  by 
approximately 5% at t h e  wing t i p .  This  
r e l a t i v e l y  small d i f f e r e n c e  sugges ts  t h a t  a f la t  
r e p r e s e n t a t i o n  of a cambered wing may be adequate 
f o r  a e r o e l a s t i c  c a l c u l a t t o n s .  The d l r f e r e n c e  
between t h e  d e f l e c t i o n s  from t h e  4x6 and the  5x5 
equivalent  p l a t e  models are n e g l i g i b l e  so tha t  
only results from t h e  4x6 model a r e  shown i n  
Figure 5. The d e f l e c t i o n  obtained from t h e  
f i n i t e  element model of t h e  cambered wing with 
435 degrees of freedom is i n  c l o s e  agreement with 
t h a t  obtained from t h e  equivalent  p l a t e  method. 
However, these  d e f l e c t i o n s  a r e  lower than those 
given by the 1565 degree of freedom f i n i t e  
element model. 
d i r e c t i o n  for t h e  upper s u r f a c e  and lower surface 
of t h e  wing are shown i n  Figures 6-8. These 
d i s t r i b u t i o n s  are given a t  t h e  y = 20, 80, and 
120 l o c a t i o n s  t l l u s t r a t e d  on Figure 4. In some 
reg ions  t h e r e  a r e  s i g n i f i c a n t  d i f fe rences  between 
t h e  stresses f o r  a f l a t  wing and t h e  s t r e s s e s  for 
a cambered wing. For example, t h i s  d i f fe rence  is 
as l a r g e  a3 a f a c t o r  of 2 a t  some poin ts  of the 
y=120 loca t ion .  These r e s u l t s  i n d i c a t e  the 
importance of consider ing camber iP t h e  ana lys i s  
is used i n  a procedure t o  s i z e  cover sk ins  for 
s t r e n g t h  requirements s i n c e  t h e  r e s i z e d  
th icknesses  a r e  propor t iona l  t o  the ca lcu la ted  
s t r e s s e s .  
In genera l ,  the agreement i n  s t r e s s e s  for  
t h e  equiva len t  p l a t e  procedure and the f i n i t e  
element a n a l y s i s  is acceptab le  f o r  use during 
prel iminary design.  The l a r g e s t  d i f f e r e n c e  
occurs  i n  t h e  bottom s u r f a c e  a t  t he  y-80  
loca t ion .  This is the  region of t r a n s i t i o n  from 
%he c a r r y  through structure t o  t h e  ou ter  d e l t a  
por t ion  and it  appears t h a t  the  degree of t h e  
polynomials used f o r  t h e  displacement funct ions 
is not l a r g e  enough t o  represent  the  grad ien ts  
occuring in  t h i s  region.  The 5x5 equivalent  
p l a t e  model gives  b e t t e r  agreement than t h e  4x6 
model i n  t h i s  region.  Attempts t o  use l a r g e r  
exponents f o r  t h i s  p a r t i c u l a r  problem gave ill- 
condl t toned equat ions which caused t h e  s o l u t i o n  
subrout ine  t o  abor t  w i th  an e r r o r  message. 
The d e f l e c t i o n s  along t h e  leading and 
t r a i l i n g  edges of t h e  wing box produced by a 
temperature d i f f e r e n t i a l  of 100 degrees F on the 
lower s u r f a c e  of t h e  wing a r e  shown i n  Figure 9. 
A nega t ive  0.6 degree angle  of a t t a c k  is produced 
a t  t h e  wing t i p .  Such t w i s t i n g  of t h e  wing that 
occurs  from t h i s  thermal loading could affect  
aerodynamtc loads and i n d i c a t e s  a p o t e n t i a l  use 
of' t h i s  procedure fo r  aerothermoelast ic  
c a l c u l a t t o n s .  
cambered and uncambered wings a r e  shown in Table 
2. Camber was found t o  have only a small e f f e c t  
on t h e  va lues  of t h e  first ten  frequencies .  The 
values of  f requencies  from t h e  equiva len t  p l a t e  
ana lyses  are higher  than from t h e  f i n i t e  element 
ana lyses ,  i n d i c a t i n g  t h a t  t h e  displacement 
Values of d e f l e c t i o n s  and 
D i s t r i b u t i o n s  of t h e  stress i n  t he  spanwise 
Vibrat ion frequenctes  ca lcu la ted  f o r  t h e  
func t ions  which were used d i d  not r e p r e s e n t  the  
v i b r a t i o n a l  behavior of t h e  wing a s  well as the 
f i n i t e  element model. However. t h e  l e v e l  of 
accuracy of the frequencies  i n d i c a t e  t h a t  the 
equiva len t  p l a t e  method provides an acceptab le  
r e p r e s e n t a t i o n  of the v i b r a t i o n  c h a r a c t e r i s t i c s  
of  the  wing for u s e  during prel iminary design. 
Concluding Remarks 
A d e s c r i p t i o n  is given of a further 
g e n e r a l i z a t i o n  of t h e  equivalent  p l a t e  
formulat ion t o  provide c a p a b i l i t y  t o  model 
a i rcraf t  wing s t r u c t u r e s  wi th  unsymmetric c r o s s  
sec t ions .  The a n a l y t i c a l  procedures used t o  
provide t h i s  c a p a b i l i t y  a r e  given along wi th  some 
of t h e  methods used f o r  implementing these 
procedures i n t o  a computer program. 
t o  a s s e s s  how well a cambered wing box can be 
represented by a p l a t e  formulation. In  genera l ,  
t h e  d i f f e r e n c e  i n  results between s t a t i c  
displacements and v ibra t ion  frequencies  f o r  t h e  
cambered wing example and a f l a t  representa t ion  
is less than 10%. However, t h e  d i f f e r e n c e  i n  
stresses is s i g n i f i c a n t ;  a f a c t o r  of 2 d i f f e r e n c e  
i n  some regions.  T h i s  l a r g e  d i f f e r e n c e  i n  
s t r e s s e s  i n d i c a t e s  the importance of including 
t h e  effects  of camber i n  a general  s t r u c t u r a l  
r e s i z i n g  procedure. 
The degree of t h e  polynomials used fo r  t h e  
displacement func t ions  was l imi ted  by  ill- 
condi t ioning of t h e  r e s u l t i n g  equat ions and t h e  
same level  of accuracy of the  f i n i t e  element 
r e s u l t s  could not be  achieved wi th  t h e  equiva len t  
p l a t e  procedure. However, the r e s u l t s  from t h e  
equiva len t  p l a t e  analyses  exhib t ted  t h e  same 
t rends  and approached t h e  accuracy of t h e  f i n i t e  
element a n a l y s i s  results. Considerably less 
t o t a l  a n a l y s i s  time was required t o  generate  the 
equiva len t  p l a t e  r e s u l t s .  
genera l ized  equiva len t  p l a t e  a n a l y s i s  procedure 
t o  cambered wing s t r u c t u r e s  is shown t o  produce 
r e s u l t s  w i t h  adequate l e v e l s  of accuracy In  a 
shortened a n a l y s i s  time. Hence, t h e  procedure 
provides a usefu l  c a p a b t l l t y  ?or t h e  a n a l y s i s  of 
a i r c r a f t  s t r u c t u r e s  during e a r l y  prel iminary 
design. 
Some t y p i c a l  numerical r e s u l t s  are presented 
In  summary, t h e  appl ica t ion  of t h e  
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Engineering Information 
Tab le  1 .  Comparison of s t r a i n  energy and computatlonal time 
f o r  d i f f e r e n t  l e v e l s  of s t r u c t u r a l  modeling. 
Model S t r a i n  Energy, in.-lb.  Computatlon 
Pres su r  e Thermal Time, s ec .  
Load Load 
Eq. p l a t e  19660.7 78874.0 50.9 
4x6 
Eq. p l a t e  19700.1 78917.6 54.7 
5 x5 
FEM 19919.9 8121 1.5 122.0 
435 dof 
FEM 21216.6 81 897.9 588.0 
1565 dof 
Table 2. Comparison of n a t u r a l  f requencies  
from v ib ra t ion  ana lys i s .  
Number E q .  p l a t e ,  @-0 Eq. p l a t e ,  0-.03 FEM, 0-.03 
4x6 model 4x6 model 5x5 model 435 dof 1565 do? 







77 * 23 
82.01 
93.72 
16.52 16.38 15.90 




27.54 28.28 28.83 






8 192.34 193.81 191.36 178.77 185.71 
9 212.40 213.60 207.06 199.33 199.57 
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Figure 1 .  Coordinate systems used t o  dePine 
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Ftgure 2 .  Analyt ical  modeling of wing box 
s t r u c t u r e .  
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Figure 5. Deflect ion of t r a i l i n g  edge 
of wing box. 
X 
Figure 3. PlanPorm geometry va r i ab le s  
f o r  t y p i c a l  segment. 
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Figure 6a. Stress distribution at y-20; 
top cover. 
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Figure 7a. Stress distribution at y-80; 
top cover. 
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Figure 6b. Stress distribution at y-20; 
bottom cover. 
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Figure 8b. Stress distribution at y-120; 
bottom cover. 
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Figure 9. Thermal deflection of wing box. 
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